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We investigate surface-curvature induced alteration in the Tomonaga-Luttinger liquid (TLL)
states of a one-dimensional (1D) deformed hollow nanotube with a dumbbell-shape. Periodic vari-
ation of the surface curvature along the axial direction is found to enhance the TLL exponent
significantly, which is attributed to an effective potential field that acts low-energy electrons moving
on the curved surface. The present results accounts for the experimental observation of the TLL
properties of 1D metallic peanut-shaped fullerene polymers whose enveloping surface is assumed to
be a dumbbell-shaped hollow tube.
PACS numbers:
I. INTRODUCTION
When the motion of a quantum particle is constrained
to a geometrically curved surface, the surface curvature
produces an effective potential field that affects spatial
distribution of the wavefunction amplitude [1]. Such the
geometric curvature effect on quantum states has been
discussed in the early-stage development of the quan-
tum mechanics theory [2, 3]. Still in the last years,
the effect has focused renewed attention in the field of
condensed matter physics, mainly due to technological
progress that enables to fabricate low-dimensional nanos-
tructures with complex geometry [4, 5, 6, 7, 8, 9, 10].
Several intriguing phenomena as to single-electron trans-
port in curved geometry have been theoretically pre-
dicted [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21], in
addition to curvature-induced anomalies in classical spin
systems [22, 23, 24, 25, 26] which imply untouched prop-
erties of quantum counterparts. Besides curvature ones,
geometric torsion effects on quantum transport of rel-
ativistic [27] and non-relativistic [28] particles through
twisted internal structures have been also discussed very
recently.
In the present study, we investigate the surface cur-
vature effects on collective excitations of electrons con-
fined in one-dimensional (1D) dumbbell-shaped hollow
nanotubes (see Fig. 1). This work is largely stimulated by
the successful synthesis of peanut-shaped C60 polymers
[29, 30, 31, 32]. It was discovered that under electron-
beam radiation of a C60 film, C60 molecules coalesce to
form a peanut-shaped C60 polymer being metallic [33]
and having a 1D hollow tubule structure whose radius
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are periodically modulated along the tube axis. Hence,
the periodic variation in curvature is expected to pro-
vide sizeable effects on quantum transport, in which the
system goes to Tomonaga-Luttinger liquid (TLL) states
due to the 1D nature [34, 35]. In fact, we shall see be-
low that periodic surface curvature in the dumbbell-like
tube enhances the TLL exponent α describing the sin-
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FIG. 1: (color online) Top: Schematic illustration of a
dumbbell-shaped hollow nanotube. It consists of a chain of
large spherical surfaces threaded by a thin hollow tube. Bot-
tom: Cross section of the dumbbell-shaped hollow tube along
with the tube axis z. The neck length s serves as the unit of
length, and the radius of spheres r0/s = 4 is fixed throughout
calculations. The width σ of spherical regions is determined
by δr as well as r0 (see text).
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FIG. 2: Two-period profiles of the curvature-induced effective
potential Un(ξ), where (a) δr = 1.0, Λ = 6.78 and (b) δr =
3.0, Λ = 11.5 in units of s. The abscissa ξ, defined by Eq. (3),
represents the line length along the curve on the surface with a
fixed θ. The integer n characterizing the angular momentum
of eigenstates in the circumferential direction ranges from n =
0 (solid), n = 1 (dashed) to n = 2 (dashed-dotted).
gularity of spectral functions, which is qualitatively in
agreement with the experimental results of 1D metallic
peanut-shaped C60 polymers obtained using in situ pho-
toelectron spectroscopy [36].
II. MODEL AND METHOD
Figure 1 shows schematic illustration of a 1D
dumbbell-shaped hollow nanotube. It consists of an infi-
nite chain of equi-separated spherical surfaces with radius
r0, in which the chain is threaded by a thin hollow tube
with radius r0− δr. The neck length s serves as the unit
of length, and r0/s = 4 is fixed throughout calculations
to mimic the actual geometry of peanut-shaped C60 poly-
mers. Periodic modulation of the tube radius r(z) along
the z direction is defined by
r(z) =
{ √
r2
0
− z2; |z| < σ (region I)
r0 − δr; σ < z < σ + s (region II)
(1)
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FIG. 3: (color online) Energy-band structures of dumbbell-
shaped hollow cylinders with (a) δr = 1.0 and (b) δr = 3.0
in units of s. Branches belonging to the angular momentum
index n = 0, 1, 2, 3 are represented by the symbols of circle,
square, triangle, and diamond, respectively.
and r(z) = r(z + λ), in which
σ =
√
2r0δr − δr2 and λ = s+ 2σ. (2)
We have established the Schro¨dinger equation HΨ =
EΨ for non-interacting spinless electrons confined to the
dumbbell surface to deduce the TLL exponent α on the
basis of the bozonization procedure [34, 35]. Because of
the axial symmetry, single-particle eigenfunctions of the
system have the form of Ψ(z, θ) = einθψn(z). We used
the confining potential approach [1] incorporated with
the variable transformation from z to ξ defined by [37]
ξ = ξ(z) =
∫ z
0
√
1 + (dr/dz)2dz′, (3)
or equivalently
ξ =
{
r0 sin
−1(z/r0) for region I,
z + r0 sin
−1(σ/r0) for region II,
(4)
to obtain the differential equation for ψ′n(ξ) ≡√
r(z)ψn(z) such as [38, 39][
−s2
d2
dξ2
+ Un(ξ)
]
ψ′n(ξ) = εψ
′
n(ξ), ε =
2m∗s2E
~2
, (5)
where
Un(ξ) =
(
n2 −
1
4
)
s2
r(ξ)2
−
s2
4r2
0
. (6)
Figure 2 shows the spatial profile of Un(ξ) for two periods,
i.e., for 0 < ξ < 2Λ with Λ = ξ(λ). At the neck region,
Un for n = 0 takes minimum while those for n ≥ 1 take
maximum as understood from Eq. (6).
3Equation (5) is numerically solved by the Fourier ex-
pansion method; see Ref. [39] for details. Figure 3 shows
low-energy band structures for δr/s = 1.0 in (a) and
δr/s = 3.0 in (b), corresponding to those depicted in
Fig. 2. Energy gaps at the Brillouin zone boundary,
k = pi/Λ, become wider for a larger δr, as expected from
the large amplitude of |Un(ξ)| with increasing δr.
III. RESULTS AND DISCUSSIONS
We now consider the TLL states of dumbell-shaped
tubes in which the single-particle density of states n(ω)
near the Fermi energy EF obeys the form [34, 35]
n(ω) ∝ |~ω − EF |
α. (7)
To make concise arguments, we assume EF to lie in the
lowest energy band. We thus obtain[34, 35]
α =
K +K−1 − 2
2
, (8)
and
K =
[
2pi~vF + V (2kF )
2pi~vF + 2V (0)− V (2kF )
]1/2
. (9)
Here, vF = ~
−1dE/dk|k=kF is the Fermi velocity, and
V (q) = −
e2
4piε
log
[
(q2 + κ2)r2
0
]
(10)
with the dielectric constant ε and the screening length
κ−1. According to the bosonization procedure [34, 35],
we set κs = 1.0 × 10−3 so as to be smaller than all kF s
values that we have chosen. We also set the interaction-
energy scale e2/(4piεs) = 1.1×~2/(2m∗s2) by simulating
that of C60-related materials [40, 41].
Figure 4 shows the δr-dependence of α for different kF
values. Significant increases in α with δr for δr/a > 3.0
are clearly observed, until reaching the plateau region
at δr > 3.7. These δr-driven shifts in α originate from
the enhancement of the potential amplitude |Un(ξ)| that
results in a monotonic decrease in vF with δr at δr/a >
3.0. The insets in Fig. 4 shows the kF -dependence of α
at δr/a = 3.0, 3.5, 3.9, among which the last one presents
an almost linear dependence on kF .
The present results demonstrate that nonzero surface
curvature yields diverse alterations in various kinds of
power-law anomalies observed in TLL states, such as
the decay in Friedel oscillation [42] and that of tempera-
ture (or voltage)-dependent conductance [43], where the
power-law exponents depend on α. It is worthy to note
that the similar increasing behavior of α was observed
in sinusoidal hollow tubes [39], which implies that the
presence of periodic curvature modulation rather than
structural details is important for the increase in α to
occur.
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FIG. 4: δr-dependence of the TLL exponent α. The Fermi
wavenumber kF is increased from kF s = 0.2 to kF s = 1.6 from
bottom. Inset: kF -dependence of α at δr/s = 3.0 (dashed),
3.5 (thin), and 3.9 (thick).
IV. CONCLUSION
In conclusion, we demonstrated the curvature-induced
enhancement of the TLL exponent α in dumbbell-shaped
hollow nanotubes. The increase in α is attributed to the
effective potential Un(ξ), thus can be regarded as a geo-
metric curvature effect on quantum transport that is in
the realm of existing materials of real peanut-shaped C60
polymers. We believe that experimental confirmation of
the predictions will open a new field of science dealing
with quantum electron systems on curved surfaces.
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